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Abstract
Methodological development and applications of joint models for longitudinal and survival data
have mostly coupled a single longitudinal outcome-based mixed-effects model with normal
distribution and Cox proportional hazards model. In practice, however, (i) normality of model
error in longitudinal sub-models is a routine assumption, but it may be unrealistically violating
data features of subject variations. (ii) The data collected are often featured by multivariate
longitudinal outcomes which are significantly correlated, ignoring their correlation may lead
to biased estimation. Additionally, a parametric specification may be inflexible to capture the
complicated longitudinal pattern of biomarkers. (iii) It is of importance to investigate how
multivariate longitudinal outcomes are associated with an event time of interest. Multilevel
item response theory (MLIRT) models have been increasingly used to analyze the multivariate
longitudinal data of mixed types (e.g., continuous and categorical) in clinical studies. In this
article, we develop a multivariate joint model that consists of an extended MLIRT model for
the mixed types of multivariate longitudinal data and a Cox proportional hazards model, linked
through random-effects. The proposed models and method are applied to analyze longitudinalsurvival data arising from a primary biliary cirrhosis study. Simulation studies are conducted to
evaluate the performance of the proposed models and method.
Keywords: Bayesian inference; latent variable; longitudinal-survival data; multivariate joint model;

multilevel item response theory; skew-normal distribution

Introduction

Data collected in many clinical studies can be grouped into three
types: (i) longitudinal (repeated) measurements of time-dependent
biomarkers such as serum bilirubin (SB), serum albumin (SA),
hepatomegaly (HM) and histologic stage (HS) data in primary
biliary cirrhosis (PBC) clinical study [41]; (ii) event or censored
times of interest; and (iii) information on some covariates that
may affect the processes of both time-dependent longitudinal

exposures and time-to-event. For such studies, interest often lies
in how a disease biomarker progresses with time and how it is
influenced by covariates. However, there have been few studies
on simultaneously accounting for longitudinal data with inherent features–skewness, correlation and mixed types along with
linkage in specifying a time-to-event outcome together for joint
modeling and inference. Joint modeling analysis of longitudinal
and survival data is an active area of statistical research that has
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received much attention recently. One of the main reasons for
the increasing interest is that joint models can be used in a variety of problems with various data features and joint modeling
methods may yield more precise inference [26,30,45,46,52,54].
As a result, a considerable number of statistical modeling and
analysis methods have been suggested for analyzing such
longitudinal-survival data. However, (i) the commonly-assumed
distribution for model error is normal due to mathematical tractability and computational convenience, but this assumption
may lack robustness against departures from normality and/or
outliers; it may also obscure important features of between- and
within-subject variations of (continuous) longitudinal data that
may exhibit departures from symmetry as exemplified in (Figure 1
(top panel)). Thus, it is of practical interest to investigate models
with skewed distributions including the skew-normal(SN) distribution [5,6,29,49]. In the mean time, the (continuous) longitudinal
measurements-based trajectories often display irregular nonlinear
time trends (Figure 1 (bottom panel)). Thus a parametric linear
mixed-effects model is not appropriated to fit such data and a
partially linear mixed-effects model, which inherits the advantages from both parametric and nonparametric models, may
be applied. (ii) In practice, many studies are designed to collect
data with multiple longitudinal exposure data of mixed types
(e.g., continuous and categorical) which may be significantly
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correlated or associated such as SB and SA (continuous), HM
(binary) and HS (ordinal) to be used in our real data analysis,
and ignoring their interrelationships may lead to biased results
and reduce efficiency in estimation. (iii) Longitudinal studies,
where repeated (longitudinal) measurements, an observation
on a possibly censored time-to-event and additional covariates
are collected for each subject, are commonplace in medical and
clinical research. Interest often focuses on interrelationships
between these variables [26,27,29,46,52,54]. A joint model that
links the hazard to these longitudinal measures and covariates
with incorporating some typical data features of interest, is
becoming powerful increasingly in many applications.
To analyze such multivariate longitudinal data, multilevel item
response theory (MLIRT) models have been increasingly used
[16,23,25,53]. According to MLIRT, the observed multivariate
outcomes are viewed as imperfect clinical manifestations of a
univariate subject-specific latent variable measuring disease
severity. The MLIRT model consists of two levels. The first level
measurement model quantifies the relationship between a
subject-specific latent disease severity and the response to the
multivariate outcomes. In the second level structural model, the
latent disease severity is regressed on predictors (e.g., treatment,
disease duration and time) and subject-specific random-effects
(describing between-subject differences) to study the overall

Figure 1. Histograms of SB and SA measurements for all patients from this dataset (top panel) and profiles
of observed SB and SA values up to year at death or most recent clinic visit for 50 randomly selected patients
(bottom panel).
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treatment effects [1,3,40]. The three sources of correlation are
accounted for via the random- effects. Advantages of the MLIRT
models include better reflection of multilevel data structure,
simultaneous estimation of measurement-specific parameters
and covariate effects, and accurate inference about high- level
measures [20,35,39]. To obtain valid inference from the MLIRT
models, marginal maximum likelihood methods [40], and
Bayesian methods [19,20,21,25,33,37,42] have been widely
used. To the best of our knowledge, no studies have done to
explore multivariate joint models (MJM) with the SN distribution,
coped with an MLIRT sub-model for multivariate longitudinal
exposures with various data features and a Cox proportional
hazards sub-model for survival endpoint which are linked via
random-effects. Inferential procedures are dramatically complicated when multivariate longitudinal data with non-normality
and their interrelationships are considered in conjunction with
time-to-event into the MJM.
The rest of this article proceeds as follows. In Section 2, we
discuss the setup of MJM in which an MLIRT model is used for the
multivariate longitudinal outcomes, where the continuous-based
longitudinal sub-model follows the SN distribution, and a Cox
proportional hazards sub-model for survival endpoint. Section 3
investigate associated Bayesian inferential approach in general
form so that they can be applicable to various scientific fields. The
proposed Bayesian method is offered to fit MJM simultaneously
for estimating all parameters in MJM under Bayesian paradigm
of Markov chain Monte Carlo (MCMC). In Section 4, we describe
the PBC clinical study and data structure that motivated this
research, present the specific MJM formulation and apply the
proposed methodology to the PBC dataset. Section 5 conducts
limited simulation study to evaluate the performance of the
proposed models and method. Finally, the paper concludes
with some discussions in Section 6.

Setup of multivariate joint models

Let yijk be the observed outcome k from patient i at time point
j, where i = 1, . . . , N, j = 1, . . . , Ji and k = 1, . . . , K. Let yik = (yi1k,
. . . , yijk, . . . , yij1K)T be the vector of observation for patient i at
visit j and let yi = (yi1, . . . , yik, . . . , yiK )T be the outcome vector
across visits. Throughout, all outcomes are coded so that larger
observation values correspond to worse clinical conditions. Let
θij be a univariate latent variable measuring disease severity of
individual i at visit j , with a higher value denoting more severe
status. Let ti be the observed event time for patient i, and ςi (1 if
the event is observed and 0 otherwise) be the event indicator.
We introduce an extended MLIRT sub-model for the multiple
longitudinal outcomes and a Cox proportional hazard sub-model
for the event time as follows.

Extended MLIRT sub-model for longitudinal data

Under the framework of traditional MLIRT model, the longitudinal
continuous response is specified by the usual linear model with
the normal distribution [19,20,21,25,37], where in the first level
measurement model, we model the continuous outcomes, the
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binary outcomes and the cumulative probabilities of ordinal
outcomes by a two-parameter model [9], graded response model
[19] and common factor model [36], respectively. However, the
trajectories of longitudinal continuous responses often show
complex nonlinear patterns and longitudinal data may exhibit
non-normal feature. Thus, we consider an extended version of
MLIRT model which is specified by the partially linear modelbased MLIRT framework to take into account the complex nonlinear effect of time on the longitudinal continuous responses,
where the partially linear models are specifically composed of
a linear part and a nonparametric part [9,55]. For the extended
MLIRT model, in the first level measurement model, the continuous outcomes, the binary outcomes and the cumulative
probabilities of ordinal outcomes are modeled by specifying
the following formulations, respectively.
yijk = ak + bkθij + wk(tij) + hik(tij) + Єijk,
logit{p(yijk = 1|θij)} = ak + bkθij,
logit{p(yijk ≤ l|θij)} = akl − bkθij, with l = 1, 2, . . . , nk − 1,

(1)

where the random error for continuous outcomes Єi = (Єi1,
. . . , Єik, . . . , ЄiKi )T follows a multivariate SN distribution
[29,49] with unknown variance-covariance matrix ΣK1= (σ2kk’)K 1×K1
(k, kl = 1, 2, . . . , K1), unknown skewness parameter matrix ∆k1=
diag(δ1, . . . , δK ), the vector of skewness parameters δK = (δ1, . .
1
1
. , δK1 )T , and 1J= (1, . . . , 1)T .
Note that
is specified here to make the SN
distribution with mean zero and K1 is the number of continuous variables. ak is the outcome-specific ‘difficulty’ parameter
and bk (always positive) is the outcome-specific ‘discriminating’ parameter representing the discrimination of outcome k,
that is, the degree to which outcome k discriminates between
individuals with different disease severity θij for patient i at time
j, with higher value denoting more severe status, where θij is a
continuous latent variable. For the kth ordinal outcome with nk
categories, the order constraint ak1 < · · · < akl < · · · < aknk−1 must
be satisfied and the probability that patient i is in category l on
outcome k at visit j is p(Yijk = l|θij) = p(Yijk ≤ l|θij) − p(Yijk ≤ l − 1|θij).
wk(t) and hik(t) are unknown nonparametric smooth fixed-effects
and random-effects functions, respectively, hik(t) are iid realizations of a zero-mean stochastic process.
To fit model (1), we apply a regression spline method to wk(t)
and hik(t). The working principle is briefly described as follows
and more details can be found in literature [13]. The main idea
of regression spline is to approximate wk(t) and hik(t) by using a
linear combination of spline basis functions. For instance, wk(t)
and hik(t) can be approximated by a linear combination of basis
functions Ψp(t) = {ψ0(t), ψ1(t), ..., ψp−1(t)}T and Φq(t) = {φ0(t), φ1(t),
..., φq−1(t)}T , respectively. That is,
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where γkp = (γk0, . . . , γk,p−1)T is a p × 1 vector of fixed-effects, and
ξikq = (ξik0, . . . , ξik,q−1)T (q ≤ p) is a q × 1 vector of random-effects
(k = 1, . . . , K1). We assume that
with Σξ being unrestricted covariance matrix. Based on the assumption of hik(t),
we can regard ξikq as iid realizations of a zero-mean random
vector. Substituting wk(t) and hik(t) by their approximations wkp(t)
and hikq(t), for given Ψp(t) and Φq(t) we can approximate model
(1) in a compact way as follows.
yijk = ak + bkθij + Ψp(tij )T γkp + Φq (tij )T ξikq + ξijk,
logit{p(yijk = 1|θij)} = ak + bkθij,
logit{p(yijk ≤ l|θij)} = akl − bkθij, with l = 1, 2, . . . , nk − 1, (3)
where we consider natural cubic spline bases with the percentilebased knots in the nonparametric part. The optimal degree of
regression spline p and numbers of knots q can be also determined according to the Akaike information criterion (AIC) or the
Bayesian information criterion (BIC) [13]. In this study, the AIC/
BIC values are evaluated for various models with (p, q) = {(1, 1),
(2, 1), (2, 2), (3, 1), (3, 2), (3, 3)}.
In the second level structural multilevel model, the latent
disease severity θij is regressed on covariates of interest, visit
time, and random-effects.
(4)
where Xi0 and Xi1 are vectors of covariates associated with baseline
disease severity and disease progression rate, respectively, Xi0
may or may not be the same as Xi1, tij is visit time variable with
ti1 = 0 for baseline, random intercept ui0 and random slope ui1
determine the subject-specific baseline disease severity and
disease progression rate, respectively. The random-effects
vector ui = (ui0, ui1)T follows N2(0, Σu), with covariance matrix Σu
being denoted by ((1, ρσu), (ρσu, σ2)), where the variance of ui0
is set to 1 for identifiability, σ2 is the variance of ui1 and ρ is the
correlation coefficient. The random-effects vector ui accounts
for three sources of correlations within the same patient: (i)
inter-source (different outcomes at the same visit), (ii) longitudinal (same outcome at different visits), and (iii) cross correlation (different outcomes at different visits) [43]. The regression
parameter vectors β0 and β1 represent the covariate effects
on the baseline disease severity and disease progression rate,
respectively. For example, if θij = (β01xi + ui0) + (β10 + β11xi + ui1)
tij, where xi is an indicator variable of treatment (1 if treatment,
0 otherwise), then β01 is the baseline group difference, and β10
and β10 + β11 are the disease progression rates for the placebo
and treatment patients, respectively. The negative significant
variable β11 indicates that the treatment is efficacious in slowing
down the disease progression. The combined level 1 and level
2 models are MLIRT model with subject-specific covariance
(referred to as subject-specific MLIRT models) [12,19,20,21,51].
To use the extended MLIRT sub-model, in our PBC application
later, we consider SB and SA as the continuous outcomes (i.e.,
K 1=2), the hepatomegaly as binary outcome, and the histologic
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status as ordinal outcome; we use the treatment variable xi as
the only covariate in Xi0 and Xi1.

Survival sub-model for time-to-event

For the time-to-event process, we assume that the distribution
of Ti, the event time for the ith subject, depends on the randomeffects ui, representing individual-specific longitudinal processes
and covariates and/or risk factors Xi, respectively. We therefore
consider a frailty model for Ti which is linked to the MLIRT submodel (3) and (4) through the random-effects ui. Additional
covariates Xi are assumed to be associated with the event time.
Specifically, under the Cox proportional hazard sub-model, the
hazard of having an event at time ti is
(5)
where the function λ(t) is the instantaneous hazard rate at time
t, λ0(t) is an unspecified baseline hazard function. The association parameter vector ν = (ν1, ν2)T linking the random-effects ui
measures the association between the two sub-models. Our
MJM is defined by the longitudinal MLIRT sub-model (3) and
(4) and the survival sub-model (5), where two sub-models are
linked together via the shared random- effects ui, which is a
popular approach in joint modeling [26,28,30,32,38,46,55]. The
covariate vector Xi can be the same or different from Xi0 and Xi1.
An alternative method can be used to approximate the Cox
proportional hazards model (5) through counting process [10]
which is used for our joint modeling and can obviously reduce
computational burdens; the detailed discussion for the alternative method can be found in [27,28,55].

Bayesian inferential approach

Generally, estimation of a joint model for longitudinal and
time-to-event data could be conducted in two ways. The first
approach is based on the likelihood inferential methods, such
as Expectation-Maximization (EM) algorithm and Monte Carlo
Expectation-Maximization (MCEM) algorithm [47]. A simultaneous inference method based on a joint likelihood may be
favorable, but the computational burden for pro- posed MJM
with the SN distribution can be extremely intensive, even sometimes infeasible, and may have convergence problems [8,54].
The second approach, Bayesian inferential method shows the
advantage. Thus, we simultaneously estimate parameters for
the MJM under a fully Bayesian framework via Markov chain
Monte Carlo (MCMC) procedure based on the joint likelihood
of the longitudinal-survival data and specified prior distributions. Thus, the Bayesian joint modeling approach may pave a
way to alleviate the computational burdens and to overcome
convergence problems for such complex model setting.
We assume that Єi, ui and ξikq (k=1, 2) are mutually
independent of each other. According to the property and
stochastic representation of SN distribution described in the
publications [29,49], it can be shown that, by introducing the
random vector wi, the MJM specified by (3), (4) and (5) can be
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hierarchically formulated as follows.
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procedure until convergence is reached.

Real data application

PBC clinical study and data

where giK (·) = (gi1(·)T , . . . , giK (·)T )T and gik(·) = (gi1k(tij), . . . , giJ k(tij))
T
with gijk(tij) = ak + bkθij +Ψp(tij)T γkp +Φq(tij)T ξikq , (k = 1, . . . , K1).
Pijk = P (rijk = 1) for binary variables and Pijk = P (Rijk = l) (l = 1, 2,
3) for ordinal variables. Let Θ = {α, β, γkp, ν, ΣK , Σξ, Σu, δK , ak, bk,
1
1
akl (l = 2, . . . , nk − 1)} be the collection of unknown population
parameters in the joint model. The prior distribution represents
the information about the uncertain parameter vector Θ that
is combined with the probability distribution of data to yield
the posterior distribution for inferences involving Θ. Under
the Bayesian framework, we specify prior distributions for all
unknown population parameters in MJM as follows.
α ⁓ N3(0, Λ1), β ~ N3(0, Λ2), γkp ~ Np(0, Λ3)(k = 1, . . . , K1), δK
1
~ NK (0, Λ4), ν ~ N2(0, Λ5), ρ~ Unif (−ω, ω), σu2 ~ IG(ω1, ω2), ΣK
1
~ IW (Λ6, ω1),
(7)
1
Σξ ~IW (Λ7, ω2), ak ~ N (0, σk2), bk ~ Γ(ω3, ω4), ak1 ~ N (0, σk12 ),
ηl~ Γ(ω5, ω6),
where akl = ak,l−1 +ηl, (k = 1, . . . , K; l = 2, . . . , nk −1); we assume that
the Normal (N ), Uniform (Unif ), Inverse Gamma (IG), Inverse
Wishart (IW ) and Gamma (Γ) prior distributions are mutually
independent. Let f (·), f (·|·), F (·|·) and π(·) denote a density function, a conditional density function, a cumulative distribution
function and a prior density function, respectively. Since the
elements of parameter vector T are assumed to be independent
of each other, we have π(Θ) is the product of prior distributions
for each element of T . Subsequently, after specifying the joint
model for the observed data and the prior distributions for the
unknown parameters, we can make Bayesian inference for the
parameters based on their posterior distributions. Thus, the
joint posterior density of Θ based on the observed data D can
be given by

Generally, the integrals in (8) are of high dimension and do not
have a closed form. Analytic approxi-mations to the integrals
may not be sufficiently accurate. Therefore, it is prohibitive to
directly calculate the posterior distribution of Θ based on the
observed data. As an alternative, the MCMC procedure can be
used to sample population parameters Θ and random-effects
ui and ξikq (i = 1, . . . , N ; k = 1, . . . , K1) from posterior distributions
based on (8). We adopt a hybrid MCMC algorithm to speed
up calculation. This process is repeated in iterations of MCMC

We examine the effect of multiple longitudinal exposures on the
prognosis for patients with primary biliary cirrhosis (PBC) using
data collected by the Mayo Clinic from 1974 to 1984 [18,41].
This data were obtained from JM package in the R program.
PBC is a chronic, fatal, but rare liver disease characterized by
inflammatory destruction of the small bile ducts within the
liver, which eventually leads to cirrhosis of the liver, followed
by death. If PBC is not treated or reaches an advanced stage,
it can lead to several major complications, including mortality.
PBC is a chronic liver disease with no effective treatment other
than liver transplantation [24].
Various longitudinal biomarkers and exposures such as serum
bilirubin (SB), serum albumin (SA), hepatomegaly (HM) and
histologic stage (HS) were collected, and interest is on examining whether these longitudinal exposures relate to the natural
history of disease. This dataset has been widely analyzed using
various statistical modeling methods including joint modelling
approach [2,4,11,14]. The data were collected to examine the
progress of PBC patients. A total of 424 PBC patients met the
eligibility criteria for the randomized placebo controlled trail
of the drug D-penicillamine, referred to Mayo Clinic during
the ten-year interval. 312 patients, who had a baseline measurement and were followed longitudinally at 6 months and at
yearly intervals thereafter, participated in the randomized trail
and were randomised to receive D-penicillamine (n=158) or
placebo (n=154). The additional 112 cases did not participate
in the clinical trial.
Patients with PBC typically have abnormalities in several blood
tests; hence, during follow-up several biomarkers associated
with liver function were serially recorded for these patients. The
original clinical protocol for these patients specified visits at 6
months, 1 year, and annually thereafter. This is an ideal dataset
to illustrate the various features of the MLIRT-based MVM. The
data set includes clinical, biochemical, and demographic risk
factors for each patient. Particularly, in our application, we
consider the following data variables. (i) Demographic factors
(covariates) are age and sex of patients; biochemical factor is
drug (D-penicillin and placebo group). (ii) Longitudinal data
of mixed types: HM (liver growth status, presence of hepatomogaly 0 = No, 1 = Yes) which is binary outcome, HS (1≤ stage
2, 2= stage 3 and 3=stage 4) which is ordinal outcome, and the
continuous outcomes SB (mg/dl) and SA (mg/dl) values were
taken as biochemical properties. As illustrated in Section 1, the
repeated SB (mg/dl) and SA (mg/dl) measurements appeared
departures from symmetry (i.e., skewed distribution) and the
trajectory profiles for SB and SA longitudinal exposures depicted
irregular nonlinear time trends (see Figure 1). (iii) Survival data:
since the patients were started to be followed, the survival time
(year) were taken as the period until death. Here the failure is
considered as death and other patients are expressed as cen-
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sored. At the end of study, 140 of the 312 patients (44.9%) died
and 172 (55.1%) was censored.

Specific MJM and model implementation

To analyze the PBC dataset, we focus on a specific MLIRT-based
MJM which considers continuous out- comes SB (yij1) and SA (yij2)
binary HM outcome (yij3) and ordinal HS outcome (yij4) (i = 1, . .
. , N ; j = 1, . . . , Ji; K = 1, . . . , 4) as multivariate longitudinal exposures, and time to death as the event endpoint. Based on the
general MJM discussed in Section 2, for the nonparametric part
of the continuous longi- tudinal sub-model in (3), we consider
natural cubic spline bases with the percentile-based knots in
the nonparametric part. The optimal degree of regression spline
p and numbers of knots q can be also deter- mined according
to AIC/BIC values [13]. Here, the AIC/BIC values were evaluated
for various models with (p, q) = {(1, 1), (2, 1), (2, 2), (3, 1), (3, 2), (3,
3)}. Among them, we found that the model with (p, q) = (3, 3)
has the smallest AIC/BIC values. Thus, the specific MJM can be
constructed as follows.
yijk = ak + bkθij + Ψ3(tij)T γk + Φ3(tij)T ξik + ξijk (k = 1, 2),
logit{p(yij3 = 1|θij)} = a3 + b3θij,
logit{p(yij4 ≤ l|θij)} = a4l − b4θij, with (l = 1, 2),

(9)

where the random error for two continuous outcomes Єi = (Єi1,
Єi2)T follows a multivariate SN distribution
[29,49] with unknown variance-covariance matrix Σ2 =(σ2 I
)2×2, unknown skewness parameter matrix ∆2 = diag(δ1, δ2), and
the vector of skewness parameters δ2 = (δ1, δ2)T . γk = (γ1k, γ2k, γ3k)
T
(k=1,2) and ξik ~ N3(0, Σξ) with Σξ being unrestricted covariance
matrix. The basis functions Ψ3(t) = {ψ0(t), ψ1(t), ψ2(t)}T and Φ3(t)
= {φ0(t), φ1(t), φ2(t)}T , respectively. In the second level structural
multilevel model, the latent disease severity θij is regressed on
biochemical factor xi which is an indicator variable of treatment
(1 if treatment, 0 otherwise) and random-effects ui = (ui0, ui1)T .
θij = (β01xi + ui0) + (β10 + β11xi + ui1)tij,

(10)

where β01 is the baseline group difference, and β10 and β10 +
β11 are the disease progression rates for the placebo and treatment patients, respectively. The negative significant variable
β11 indicates that the treatment is efficacious in slowing down
the disease progression.
Under the Cox proportional hazard sub-model, the hazard
of having an event at time ti is
(11)
where ν = (ν1, ν2)T with ν1 and ν2 measuring the association
between the two sub-models, the vector α = (α1, α2, α3)T is the
coefficient parameters corresponding to the risk factor vector
Xi which includes treatment indicator variable, age at baseline,
gender (male as reference).

As discussed previously, the repeated SB and SA data exhibit
the asymmetric feature. Thus, it appears plausible to fit our MJM
with a skew distribution to the data. Toward this end, because a
normal distri- bution is a special case of an SN distribution when
the skewness parameter is zero, we investigate how asymmetric
(SN) distribution for continuously longitudinal sub-model error
(Model SN) contributes to modeling results in comparison with
a symmetric (normal) distribution for continuously longitudinal
sub- model error (Model N). Thus, the following Model SN and
Model N with specifying different distributions for continuously longitudinal sub-model are employed to compare their
performance.
Model SN: An MJM where the continuously longitudinal
sub-model follows the SN distribution;
Model N: An MJM where the continuously longitudinal submodel follows the normal distribution.
To carry out a Bayesian inference, we need to specify the values
of the hyper-parameters in the prior distributions. We assume
weakly informative prior distributions for all the parameters. In
particular, (i) the fixed-effects are taken to be independent normal
distribution N (0, 100) for each component of the population
parameter vectors α, β, γ (k = 1, 2), δ2 and ν, respectively. (ii)
k3
For the variance-covariance matrices Σ2 and Σξ, we assume the
inverse Wishart distributions IW (Λ6, 3) and IW (Λ7, 4), respectively, where Λ6 and Λ7 are the matrices with diagonal elements
being 0.01 and off-diagonal elements being 0. (iii) We use the
prior distribution ρ ~ Unif (−1, 1) and a noninformative inverse
Gamma prior distribution IG(0.01, 0.01), which has mean 1 and
variance 100, for variance parameter σ2. (iv) ak and ak1 follow
normal distribution N (0, 100), respectively; bk and η2 follow
Γ(0.01, 0.01), (k = 1, . . . , 4).
The MJM modeling is implemented using MCMC procedure and the program codes are available from authors upon
request. When the MCMC procedure was applied to the actual
data, the convergence of the generated samples was assessed
using standard tools such as trace plots and Gelman-Rubin
(GR) diagnostics [22]. Figure 2 shows the dynamic version of
GR diagnostics as obtained from the WinBUGS output for the
representative parameters based on Model SN [22]. We observe
from the plots of GR diagnostics where the three curves are given:
the middle and bottom curves below the dashed horizontal line
(indicated by the value 1) represent the pooled posterior variance (Vˆ) and average within-sample variance (Wˆ ), respectively,
and the top curve represents their ratio (Rˆ). It is seen that Rˆ
is generally expected to be higher than one at the initial stage
of the algorithms, but Rˆtends to 1, and Vˆand Wˆ stabilize as
the number of MCMC iterations increase, indicating that the
algorithm has reached convergence. We further monitor convergence using both autocorrelation and trace plots (data not
shown to save space), confirming that convergence is ensured.
Along with the convenience diagnostics observed, we proposed
that the three chains were run with the following considerations.
After an initial number of 30,000 burn-in iterations, every 30th
MCMC sample was retained from the next 30,000 iterations
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Figure 2. Convergence diagnostics with three Markov chains as obtained from the WinBUGS
software for representative parameters based on Model SN: trace plots (left panel) and convergence plots of Gelman-Rubin (GR) diagnostics (right panel), where the middle and bottom
curves below the dashed horizontal line (indicated by the value one) represent the pooled posteˆ and average within-sample variance (W),
ˆ respectively, and the top curve above
rior variance (V)
ˆ
the dashed horizontal line represents their ratio (R).
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for each chain. Thus, we obtained a total of 3,000 samples for
each of the targeted posterior distributions of the unknown
parameters for statistical inference. We also check the k-lag serial correlation of the samples for each parameter to diagnose
independence of MCMC samples. We graphically checked the
last 500 samples drawn from MCMC sampling scheme for each
parameter (plot not shown here) and found that the consecutive
samples move randomly towards different directions, indicating
that MCMC is not “sticky” and MCMC samples are independent
for each parameter, suggesting the convergence to the stationary distribution. The Bayesian joint modeling approach with the
different scenarios is applied to fit the PBC dataset described in
Section 3 for statistical inference. As a note, the computational
burden for fitting the specific joint models via MCMC procedure
was reasonable. For example, to fit Model SN in our application,
it took about 5 hours on a Window PC with Intel Core i7-2600
CPU @ 6.80GHz and RAM of 32 GB.

Analysis results

Table 1 presents the posterior mean (PM), the corresponding

standard deviation (SD) and 95% cred- ible interval (CI) for
the interesting fixed-effects (population) parameters based
on Models SN and N, respectively. The following findings are
obtained for estimated population parameters.
For the longitudinal MLIRT sub-model, it is observed that
Models SN and N give different parameter estimates, although
the same set of parameters are identified for significance by both
Models. For instance, Model SN suggests that D-penicillin is associated with 0.040 unit decrease (β01, 95% CI: (-0.187, 0.072)) in
disease severity, comparing with the placebo, while it is associated with 0.066 unit decrease (95% CI: (- 0.213, 0.065)) in disease
severity in Model N. The results from Model SN indicate that the
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placebo patients show significant disease progression cross
time at the rate of 1.482 units per year (β10, 95% CI: (0.747, 3.133
), whereas the rate of progression is 2.229 (95% CI: (0.948, 3.962)) in
Model N. In comparison, Model SN suggests that the D-penicillin
patients have disease progression rate of 1.261 units per year
(β10 + β11, 95% CI: (-0.235, 3.318)) with insignificant D-penicillin
treatment effect of slowing down the disease progression rate
by -0.221 per year (β11, 95% CI: (-0.982, 0.185)); the similar conclusions can be made from Model N.
For the survival sub-model, it can be seen from Table 1 that
D-penicillin decreases the hazard of death by 5% [1 − exp(α1)
= 0.05, where α1 = −0.054 with 95% CI being (-0.567, 0.435)] in
comparison with placebo for Model SN and 8% [1 − exp(α1) =
0.05, where α1 = −0.083 with 95% CI being (-0.589, 0.405)] for
Model N. The insignificant treatment effect is consistent with
those in [2,14]. There is a 2.3% increase (HR=1.023, 95% CI:(1.003,
1.043)) in hazard for death relative to a 1-year older in age for
Model SN which is consistent with the finding by Dil and Karasoy
[14]; the comparable result can be made from Model N. Female
patients decrease the hazard of death by 46.0% [1 − exp(α3)
= 0.46, where α3 = −0.616 with 95% CI being (-1.172, -0.048)]
in comparison with male patients in Model SN, while female
patients decrease the hazard of death by 46.3% [1 − exp(α3)
= 0.463, where α3 = −0.621 with 95% CI being (-1.129, -0.055)]
in comparison with male patients in Model N. This finding is
consistent with that in publications [14,15,44].
We also find from Table 1 that the estimated skewness parameters of the continuous SB outcome (δ1) and the continuous
SA outcome (δ2) from Model SN are 3.847 with 95% CI (3.692,
4.005) and -0.089 with 95% CI (−0.116, −0.061), respectively.
These findings suggest that there is a significantly positive
skewness in SB outcome and negative skewness in SA outcome

Table 1. Summary of estimated posterior mean (PM), standard deviation (SD) of population
(fixed-effects) parameters and the corresponding 95% equal-tail credible interval (CI) as well as DIC
value.
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and confirm the fact that the distribution of the repeated SB
and SA measurements is skewed. Thus, it is recommended to
incorporate skewness parameters in the modeling of both SB
and SA data.
We observe that ν1 and ν2 are positive and significantly different from zero, [ν1 = 1.776 with 95% CI being (0.588, 3.391),
and ν2 = 0.828 with 95% CI being (0.306, 1.511)] in Model SN,
suggesting that the patients with worse baseline disease severity
(larger ui0) and faster disease progression rate (larger ui1) tend to
have higher hazard of death and vice versa; the similar conclusions can be made from Model N. Models SN and N give quite
different estimates to the outcome-specific parameters for the
continuous SB and SA, but they provide similar estimates to the
outcome-specific parameters for the binary HM and ordinal HS
(a and b; see Table 2 for details).
The Bayesian modeling approach through MCMC procedure
has made it possible to fit increasingly complex statistical models
[31,50]. To select the “best” model that fits the data adequately
among can- didate models, the deviance information criterion
(DIC) [50] is used. With caution here, instead of being intended
to identify the “correct” model, DIC is only used to find the one
that fits the data better. It is seen from Table 1 that the both
DIC=10036.5 and the posterior mean of the deviance (D¯=
9722.3) in Model SN is smaller than its counterparts (DIC=14659.4
and D¯=133649.0) in Model N. Therefore, Model SN performs
better than Model N, suggesting that it is important to take
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skewness and heaviness in the longitudinal SB and SA data into
account in order to achieve more reliable results, in particular if
the data exhibit non-normality. With these findings, we will further
report our results in detail below only for the better Model SN.
Table 1 also shows positive correlation coefficient ρ between
ui0 and ui1 (0.061, 95% CI: (0.029, 0.200)) in Model SN, suggesting that the patient with worse baseline disease severity tend
to have faster disease deterioration and vice versa. To obtain
more insight into ui0, ui1, and ρ, we plot in Figure 3 the rankings
of subject-specific baseline disease servity ui0 (upper panel) and
disease progression rate ui1 (lower panel) with their 95% credible
intervals. Each patient is ordered by her or him rank: individuals
at the left corner show milder disease severity at baseline (lower
rank) and slower disease progression rate (lower rank), while
individuals at the right corner have poorer disease severity at
baseline (higher rank) and faster disease progression rate (higher
rank). To visualize the effect of the correlation coefficient ρ, we
have selected two patients as examples. Patient 199 has the
worst baseline disease severity and this patient ranks number
247 in the disease progression rate. Patient 227 has the fastest
disease progression rate and this patient ranks number 71 in
the baseline disease severity.
To visualize the difference in the disease progression rates
in two groups, Figure 4 displays the estimates of the latent disease severity θij of the patients at each visit, together with the
loess smooth curves denoted by the dashed (placebo group)

Table 2. Summary of estimated posterior mean (PM), standard deviation (SD) of population (fixed-effects)
parameters and the corresponding 95% equal-tail credible interval (CI) for additional parameters.

(0.215, 0.893)
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Figure 3. The ranking of subject-specific baseline disease severity (upper panel) and disease
progression rate (lower panel) with point estimates and 95% CI. The integer values displayed
in the figures are patient numbers.

Figure 4. Estimates of the subject-specific disease severity θij for patient i at visit j and the
loess smooth curves for the placebo and treatment groups.
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and solid (treatment group) lines, respectively. Figure 4 shows
that the placebo individuals’ PBC severity deteriorates at a faster
rate than the treatment individuals before about year 11 and
then the treatment group shows larger disease progression
rate than the placebo group starting from about year 11, as
manifested by the departure of two loess curves. This finding
confirm the fact that the D-penicillin treatment group appears
effective from the beginning to around year 11, but becomes
negatively effective in comparison with the placebo group due
to the various adverse effects on D-penicillin treatment [7,17].

Simulation studies

To assess performance of the proposed MPJM models and
method, as an illustration we conduct the following simulation
studies where Models SN and N are included. The design of the
simulated data is similar to the real data used in Section 4. We
generate the sample size N = 300 (150 in both treatment and
placebo group), and assume that each subject has 15 scheduled
longitudinal measurements. We simulate 500 datasets from
specified models according to the additional specifications
described below. The measurement time points used in the
simulation are similar to those in the real data analysis and the
true parameter values are mimic to those obtained in the real
data analysis so that all simulated data make biological sense.
Specifically, we simulate two continuous (yij1 and yij2), one binary
(yij3) and one ordinal (yij4 with 3 categories) outcomes. The covariates considered which are mimic from real data include age with
mean 50 years of old generated from the Uniform distribution
ranged between 40 and 60, sex (male as reference) generated
from Bernoulli(0.8), and treatment variable (1 if treatment and
0 if placebo) generated from Bernoulli(0.5). The true parameter
values in MVJM (9)-(11) are selected as follows. β =(β01, β10, β11)T
= (−0.10, 1.48, −0.22)T , ρ=0.10, σ2 =1.69, α=(α1, α2, α3)T =(−0.15,
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0.20, −0.62)T, ν = (ν1, ν2)T = (1.77, 0.83)T ; (a1, b1)T = (1.8, 1.6)
T
, (a2, b2)T = (3.4, 0.5)T , (a3, b3)T = (−0.4, 2.9)T ,(a41, a42, b4)T =
(−3.7, 1.8, 8.6)T ; Σ2 = (σ2kk’)2×2 (k, kl = 1, 2), where (σ2 11, σ212, σ222)T
= (0.07, 0.03, 0.1)T ; γ1 = (γ11, γ21, γ31)T = (1.6, 8.7, 1.8)T , γ2 = (γ12,
γ22, γ32)T = (0.2, −0.6, −2.3)T ; Σξ values are mimic to those estimated in the real data.
In the simulation, we generated Єijk (k = 1, 2) according to Γ(2,
1) distribution, yielding a skewed distribution with the mean E(
Єijk) = 2 and variance V ar( Єijk) = 2. Under this specification, data
generated from the model with Γ(2, 1) distribution exhibit skewed
feature for two continuous (yij1 and yij2) outcomes. Note that we
adopt the same MCMC strategies to those in real data analysis
in the simulation studies and the prior distributions considered
are all close to non-informative; that is, prior distributions with
large variances are considered. Thus, we expect the results to
be somewhat robust with respect to prior distributions.
For evaluating the objective use of the criteria, the models
preferred by DIC are recorded. For example, in the MCMC
sampling results, none of DIC selected the normal distribution
specification for any of the 100 data sets, demonstrating the
ability of selection method to detect an obvious departure from
non- normality which provides strong evidence of skewness.
Table 3 summarizes simulation results that include the true
parameter (TP) values, average estimates (EST) of fixed-effects
β, α, ν, δ = (δ1, δ2)T as well as associated the bias (quantified by
relative percent bias = 100 × (EST − TP)/|TP|) and mean squared
error (MSE) (quantified by relative percent square root of MSE=
100x √MSE/|TP|).
To compare the numerical results of Models SN and N considered in the simulation studies, it is of interest to see that the
estimated biases for β01 and β10 are negative, indicating that
these parameters (the estimated baseline group difference and
disease progression rate for placebo group) are underestimated,

Table 3. Simulation results of the true parameter (TP) values, average estimates
(EST), Bias and MSE based on 100 simulated datasets for the interesting
parameters.
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while estimated biases for β11 is positive, suggesting that the
disease progression rate in treatment group is overestimated.
The average estimates of skewness parameters δ1 = 2.97 for
SB and δ2 = 1.89 for SA in Model SN indicate a departure from
(symmetric) normal distribution for both SB and SA longitudinal
measurements. For the parameters in the survival sub-model, all
parameters in Models SN and N are consistently overestimated
or underestimated in general. Because the parameters ν1 and ν2
are set to be positive, the patients with worse baseline disease
severity (larger ui0) and faster disease progression rate (larger
ui1) tend to have a terminal event earlier. These results suggest
that Model SN can recover the true values better than Model
N in the presence of dependent event.
In summary, it is seen that, overall, Model SN outperforms
Model N in terms of estimates, bias, and MSE. This suggests that
adopting the assumption of (symmetric) normal distribution
may lead to inaccurate inference on fixed-effects of primary
interest, in particular, when data exhibit non-normal feature.
Note that we investigated other combined scenarios of the
sample sizes (N = 500) and the number of replications (1000)
in our simulation studies. We found that the results are quite
similar to those reported in this article. Both Models SN and N
provide reasonable estimates to the difficulty and discriminating parameter vectors a and b, but Model SN generally provides
more accurate estimates than Model N (the results not shown
here to save space).

Discussion

With more studies being conducted that repeatedly take measures over time in an effort to evaluate a patient’s health status
for some events, an MLIRT-based MJM approach is powerful tool
to fit these com- plicated longitudinal-survival models with a
variety of data issues ranging from evaluating non-normality,
correlated multivariate longitudinal measures and others, along
with uncertainty about the distributional assumptions of model
errors in clinical and observational studies. In clinical trial studies, it is quite com- mon to have various longitudinal outcomes
with mixed types (continuous, binary and ordinal) subject to
dependent time-to-event. Previous work of joint modeling for
this type of data has been mainly focused on a single type of
longitudinal outcomes accounting for the dependent censoring. In this article, we propose a multivariate joint modeling
framework that consists of an extended MLIRT sub-model for
the multivari- ate longitudinal outcomes with mixed types (continuous, binary and ordinal) and the Cox proportional hazard
sub-model for time-to-event endpoint. Two sub-models are
linked together via shared random- effects representing the
subject-specific baseline disease severity and disease progression rate, respectively. We assume that the survival time may
be associated with the multivariate longitudinal outcomes. We
adopt Bayesian inference framework based on MCMC procedure
for parameter estimation. This Bayesian framework provides not
only accurate parameter estimates, but also various subjectspecific PBC disease severity estimation. A benefit of directly
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estimating parameters of key interest in our MJM, including
the (latent) disease severity for all individuals at each visit
through the baseline disease severity and disease progression
rates is that these subject-specific quantities can be served as
surrogate indicators of charac- teristic of longitudinal data and,
in turn, incorporate into the survival sub-model as covariates
to assess the effects of longitudinal profiles on the risk of timeto-event. This kind of joint modeling approach is important in
many statistical application areas, allowing accurate inference
of parameters while adjusting for non-normality and correlation
in the multivariate longitudinal data setting.
The proposed Model SN has a better fit than Model SN in the
analysis of the PBC dataset. We have found that the treatment Dpenicillin is insignificant in slowing the PBC disease progression.
Moreover, we have identified a significant positive correlation
between the multiple longitudinal outcomes and the time to
death, in addition to the positive significant correlation between
the baseline disease severity and disease progression rate. The
simulation studies have shown that in the presence of dependent time-to- event, Model SN successfully recovers the true
parameters better than Model N which has large bias and MSE
in the regression and random-effects parameters. We provide
subject-specific disease severity and disease progression rate
estimates for all patients at each visit, in addition to the figures
for clear visualization. The proposed models have the capability to accommodate hierarchically structured data, to estimate
latent disease severity at different levels, and to investigate the
relationships between disease severity and predictors at different
levels. The proposed model can be easily implemented using the
publicly available BUGS language and can be readily accessible
to, modified, and extended by applied researchers. Further, our
results suggested that it is important to consider MJM with the
skewed distribution in order to achieve less biased and more
accurate estimates in the presence of non-normal feature in
SB and SA measurements. Although this article is motivated
by a PBC study, the basic concepts of the developed Bayesian
joint modeling approach have generally broader applications
whenever the two different sources of dependence among
longitudinal measures over time, and between longitudinal
exposures and survival endpoint are presented and the relevant
technical specifications are met.
A couple of notes and extensions related to this study are
made as follows. (i) Our modeling framework provides great
flexibility for extensions. This article only considers a single-type
terminal event (death). In the presence of multiple ‘failure types’,
for example, death and dropout due to disease-related causes,
the proposed MJM can be extended to accommodate competing
risks survival data. (ii) In the structural multilevel model (4), the
latent disease severity θij is determined by the random-effects
ui0 and ui1, and covariate vectors Xi0 and Xi1 , while model (4) in
[21] is more flexible allowing additional randomness by adding a random error term Єi. But this flexibility does not come
without paying a price; see Fox and Glas [21] for more detailed
discussion of this direction. (iii) To model the nonlinear disease
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progression rate, the linear time trend assumption in model
(4) can be relaxed by adding higher order terms or smoothing
spline terms of time [48]. Moreover, it is assumed that there exists a single (unidimensional) latent variable θij to measure the
underlying disease severity. However, there may be multiple
latent variables representing multidimensional impairment
caused by PBC. Expanding the unidimensional MLIRT model
to the multidimensional one is an interesting direction of research. (iv) A final note to be made is that we may consider the
missing data mechanism for longitudinal data by introducing a
non-ignorable missing data model [27,28,34]. These interesting
topics are beyond the focus of this article, but are warranted in
our research pipeline under investigation.
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